In this paper, we utilize the Lie symmetry analysis method to calculate new solutions for the Fornberg-Whitham equation (FWE). Applying a reduction method introduced by M. C. Nucci, exact solutions and first integrals of reduced ordinary differential equations (ODEs) are considered. Nonlinear self-adjointness of the FWE is proved and conserved vectors are computed.
Introduction
The reduction procedure for solving partial differential equations (PDEs) generates a similarity representation of the equations which has some merits compared to the original one. It is interesting that this procedure does not depend on the nature of the PDE, linearity or nonlinearity and order of the PDEs. Also, this procedure does not have any dependency on boundary or initial conditions, in general.
The Fornberg-Whitham equation (FWE) [1] u t − u xxt + u x + uu x = 3u x u xx + uu xxx ,
appears in the study of qualitative behaviors of wave breaking, which is a nonlinear dispersive wave equation. In 1978, Fornberg and Whitham obtained a peaked solution of the form u(x,t) = A exp{ −1 2 |x − 4 3 t|}, where A is an arbitrary constant. Zhou and Tian [2] have found the implicit form of a type of traveling wave solutions called kink-like wave solutions and antikink-like wave solutions. After that, they found the explicit expressions for the exact traveling wave solutions, peakons and periodic cusp wave solutions for the FWE [3] . Tian and Gao [4] have studied the global existence of solutions to the viscous FWE in L 2 under periodic boundary conditions. The limit behavior of all periodic solutions as the parameters trend to some special values have been studied in [5] . Abidi and Omrani [6] have successfully applied the homotopy analysis method to obtain approximate solutions of the FWE and compared those to the solutions obtained by the Adomian decomposition method. Single peak solitary wave and traveling wave solutions of (1) are computed in [7] and [8] .
Clarkson et al. [9] studied the symmetry reductions of the third nonlinear equation of the form
with arbitrary parameters ε, β , α, and κ using the classical and nonclassical method. Equation (2) not only contains the Camassa-Holm equation as a particular case, but also other interesting nonlinear equations, e. g. the underlying equation, the FWE, and the Rosenau-Hyman equation. However, they didn't consider the optimal system of Lie algebras, solutions of reduced ordinary differential equations (ODEs), and related first integrals. Ibragimov in [10] has proved a general theorem on conservation laws without the requirement of existence of Lagrangians. The foundation of this new theorem is based on adjoint equations and symmetries. On the other hand, the resulting conservation laws involve the solutions of the original equations and the so-called nonlocal variables, namely, solutions of the adjoint equation. Ibragimov's approach provides the construction of nonlocal conserved quantities, namely, conserved vectors involve the nonphysical variable v. However, for some special classes of equations, the obtained conserved vectors can be transformed in local conserved quantities. For the self-adjoint equations, one can set v = u (v is the nonlocal variable) [11] . But, there are many equations which are not selfadjoint. Thus, it is not possible to eliminate the nonlocal variables from conservation laws for these equations. In [12] , Ibragimov generalized the concept of self-adjointness by introducing the definition of quasi self-adjointness. The concept of weak self-adjointness has been introduced by Gandarias in [13] for equations that are neither self-adjoint nor quasi self-adjoint. Then Gandarias et al. [14] applied this concept to construct the conservation laws of an equation arising from financial mathematics and a forced Korteweg-de Vries (KdV) equation [15] .
As mentioned in [16] , (1) does not have a usual Lagrangian. Hence, the classical Noether theorem is not applicable here to construct the conservation laws of (1) using symmetries. Ibragimov et al. [16] have studied the conservation laws of the Camassa-Holm and the Rosenau-Hyman equations (from quasi selfadjoint point of view). Recently, Ibragimov [17] introduced the new concept of nonlinear self-adjointness which enables us to construct the conservation laws of a large variety of equations, e. g. (1) . Also, Naz et al. [18] obtained the conservation laws of the Camassa-Holm and some other equations with variational derivative approach. Another approach which is well-known in finding of conservation laws is the double reduction method. Morris et al. recently applied this method to a class of nonlinear wave equations in [19] .
In this paper, we exhibited that the FWE is not a quasi self-adjoint equation, but it is nonlinearly selfadjoint and thus conservation laws are constructed. Some interesting papers in self-adjoint equations can be found in [20 -28] .
The outline of this paper is as follows. In Section 2, we present the Lie symmetry analysis and optimal system of subalgebras of (1). In Section 3, similarity reductions and exact solutions of (1) are presented. Nonlinear self-adjointness and conservation laws are considered in Section 4. The last section contains the final remarks of the paper.
Lie Symmetry Analysis and Optimal System for the Fornberg-Whitham equation
The symmetry groups of the FWE will be generated by a vector field of the form
The result shows that the symmetry of (1) is expressed by a finite three-dimensional point group containing translations in the independent variables and scaling transformations. The group parameters are denoted by k i for i = 1, 2, 3 and characterize the symmetry of the equation. Actually, we find that (1) admits a threedimensional Lie algebra L 3 of its classical infinitesimal point symmetries generated by the following vector fields:
Obviously, the Lie algebra of (1) is solvable and from the adjoint representation of the symmetry Lie algebra. The optimal system of one-dimensional subalgebras corresponds to (1) can be expressed by
where α ∈ {−1, 0, 1}.
Similarity Reductions and Exact Solutions
In order to reduce PDE (1) to a system of ODEs with one independent variable, we construct similarity variables and similarity forms of field variables. Using a straightforward analysis, the characteristic equations used to find similarity variables are
Integration of the first-order differential equations corresponding to pairs of equations involving only independent variables of (4) leads to similarity variables. We distinguish three cases:
where S(ζ ) satisfies the ODE
that admits the only Lie symmetry operator
. Instead of using the usual method based on invariants, we apply a more direct method namely the reduction method [29 -34] . Obtaining the first integrals of ODEs is often sophisticated work [35] . However, using the mentioned reduction method, first integrals of the reduced ODEs are easily obtained. Equation (5) can be written as an autonomous system of three ODEs of first order, i. e.,
using the obvious change of dependent variables
Since this system is autonomous, we can choose w 1 as a new independent variable. Then system (6) becomes the following nonautonomous system of two ODEs of first order:
We can integrate the second equation:
with a 1 an arbitrary constant. This solution obviously corresponds to the following first integral of (5):
Substituting (8) 
with a 2 an arbitrary constant. Replacing a 1 in this expression in terms of the original variables S and ζ yields another first integral of (5):
Finally, we replace (9) from (6) in the first equation of system (6) that becomes the separable first-order equation .
Case 2. The solution obtained from generator X 2 is trivial. Thus we find the traveling wave solution which is achievable from generator X 1 + X 2 . The invariance surface condition related to X 1 +X 2 is u t +u x = 0. Thus
where S(ζ ) satisfies the equation
Equation (10) . Therefore it is not possible to solve it by current Lie symmetry methods, and we apply the reduction method. This equation transforms into the following autonomous system of first-order equations, i. e.,
by the change of dependent variables
Let us choose w 1 as the new independent variable. Then (11) yields
The second equation of (12) is linear, and therefore we have
Substituting in the other equation of (12) .
Replacing a 1 in this expression in terms of the original variables S and ζ yields a first integral of (10) as
Equation (14) is separable and the solution is given by
where a 2 is another first integral of (10) as following:
An implicit solution of (10) can be obtain from substituting (15) into the first equation of (11) and one time integration. However, in the special case taking a 1 = 0 and a 2 = 1 12 , we have
Back substitution of variables yields another solution of (1) .
Case 3.
For the linear combination X = αX 1 + X 3 , we are just able to find the invariant solution with respect to α = 0. Similarity variables of X 3 are
where S(ζ ) admits the following equation:
Therefore,
and thus, we get
Nonlinear Self-Adjointness and Construction of Conservation Laws
Consider a kth-order PDE of n independent variables x = (x 1 , x 2 , . . . , x n ) and dependent variable u, viz.,
where
are the total derivative operators with respect to x i . The Euler-Lagrange operator is given by the formal sum
Also, if A is the set of all differential functions of all finite orders, and ξ i , η ∈ A, then the Lie-Bäcklund operator is
One can write the Lie-Bäcklund operator (21) in the characteristic form
where W = η − ξ j u j is the characteristic function.
The Euler-Lagrange operators with respect to derivatives of u are obtained by replacing u and the corresponding derivatives in (20) , e. g.,
There is a relation among the Euler-Lagrange, LieBäcklund, and the associated operators by the identity
are the Noether operators associated with a LieBäcklund symmetry operator.
The n-tuple vector T = (T 1 , T 2 , . . . , T n ), T i ∈ A, i = 1, . . . , n, is a conserved vector of (19) if
on the solution space of (19) . The expression (23) is a local conservation law of (19) and T i ∈ A are called the fluxes of the conservation law. In particular, a trivial conservation law contains no information about a given PDE (19) and arises in two cases:
(i) Each of its fluxes vanishes identically on the solutions of the given PDE. (ii) The conservation law vanishes identically as a differential identity. In particular, this second type of trivial conservation law is simply an identity holding for arbitrary fluxes. These T = (T 1 , T 2 , ..., T n ) are called null divergences.
The adjoint equation to the kth-order differential (19) is defined by
and v is a new dependent variable.
Definition 2. Equation (19) is said to be self-adjoint if the substitution of v = u into adjoint (24) yields the same (19) .
Definition 3. Equation (19) is said to be quasi selfadjoint if the equation obtained from the adjoint (24) by the substitution v = h(u), with a certain function h(u) such that h (u) = 0, is identical to the original equation.
Definition 4. Equation (19) is said to be weak selfadjoint if the equation obtained from the adjoint (24) by substitution v = h(t, x, u), with a certain function h(t, x, u) such that h t (t, x, u) = 0, (or h x (t, x, u) = 0) and h u (t, x, u) = 0 is identical to the original equation.
Definition 5. Equation (19) is said to be nonlinearly self-adjoint if the equation obtained from the adjoint (24) by substitution v = h(t, x, u), with a certain function h(t, x, u) such that h(t, x, u) = 0 is identical to the original (19).
The following theorem is used to construct the conservation laws of the underlying equation. (19) gives rise to a conservation law for the system consisting of (19) and the adjoint (24) where the components T i of the conserved vector T = (T 1 , . . . , T n ) are determined by
Theorem 1. Every Lie point, Lie-Bäcklund, and nonlocal symmetry admitted by
with Lagrangian given by
In order to apply correctly Theorem 1, it is necessary to write the formal Lagrangian (26) in the symmetrized form
The adjoint equation for (1) is as follows:
By some simplifications, we get
Now, we discuss about self-adjointness of (1) by the following theorem.
Theorem 2. Equation (1) is neither quasi self-adjoint nor weak self-adjoint, however (1) is nonlinearly selfadjoint with h = χ ∈ R.
Proof. A straightforward computations shows that (1) is neither quasi self-adjoint nor weak self-adjoint. In order to demonstrate the nonlinear self-adjointness, by setting v = h(t, x, u) in (28) 
From the coefficient of u x u xx , we have h u = 0, which concludes that the function h is independent of u, in other word h = h(t, x). Also, comparing the coefficients for the different derivatives of u in (30), we get the following conditions:
By solving them, we have h = χ ∈ R.
Construction of Conservation Laws for (1)
Setting t = x 1 and x = x 2 , the conservation law will be written as
We recall that (1) admits a three-dimensional Lie algebras, thus we consider the following three cases: Case 1. We first consider the Lie point symmetry generator X 1 = ∂ ∂t . By using (25) which then provides the trivial components T t 3 = 0 and T x 3 = 1.
Conclusion
The method of Lie group analysis is successfully applied to the investigation of symmetry properties and exact solutions of the Fornberg-Whitham Equation. Moreover, we have arrived to the last quadratures and first integrals thanks to the application of the reduction method. Finally we investigated the nonlinear self-adjointness of FWE, and we exhibited that only the trivial conservation laws are extractable, using the Ibragimov's conservation theorem.
